A celebrated feature of SYK-like models is that at low energies, their dynamics reduces to that of a single variable. In many setups, this "Schwarzian" variable can be interpreted as the extremal volume of the dual black hole, and the resulting dynamics is simply that of a 1D Newtonian particle in an exponential potential. On the complexity side, geodesics on a simplified version of Nielsen's complexity geometry also behave like a 1D particle in a potential given by the angular momentum barrier. The agreement between the effective actions of volume and complexity succinctly summarizes various strands of evidence that complexity is closely related to the dynamics of black holes.
Even the lower curvature version of the complexity geometry defined in [17] is difficult to analyze at large distances, but the main points of complexity geometry have been illustrated in a simple "toy complexity geometry" (TCG) based on the twodimensional Poincare disc [18] .
In this paper we will apply the TCG to the SYK system and its bulk dual, JT gravity. In a somewhat surprising and nontrivial way the complexity geometry approach reproduces the gravitational dynamics of the boundary Schwarzian theory. This agreement neatly summarizes various tests of the complexity = volume conjecture. We regard this agreement as additional evidence that gravitational dynamics reflects the general principles of quantum complexity.
We will assume that the reader is familiar with the general ideas of complexity geometry, and briefly review the TCG of [18] . We will work with SYK units for most of this paper. The SYK model has three parameters: the number of Majorana fermions N , the dimensionless coupling βJ , and q the number of fermions in the interaction. The semi-classical Schwarzian limit corresponds to 1 βJ N .
2 Effective actions in Complexity Geometry
Toy Complexity Geometry
Ideally we would like to start with a microscopic definition of complexity, and then derive its various properties. At present, such an approach is beyond our capabilities. TCG is motivated by a more phenomenological approach, where we write down a model that is consistent with various features we expect complexity to have. The TCG of [18] is a high-genus compactification of the Poincare disc. If, as in this paper, we are not interested in exponentially long time scales, we can ignore the compactification and simply work with the Poincare disc. The metric is dl 2 = R 2 dρ 2 + sinh 2 ρ dθ 2 (2.1)
where R is the curvature scale of the disk and ρ is a dimensionless radial coordinate. The distance to the origin, which we interpret as the state complexity, is Rρ. Now consider a non-relativistic particle moving on this geometry. Two important parameters of the model are the speed of the particle and the curvature scale R. To determine the speed of the particle, we demand that the complexity should grow at a rate dC/dτ = N . Here the circuit time is τ = 2πu/β, where u is the physical time of the quantum mechanical system 1 . In a holographic setup τ is Rindler time and u is the asymptotic time on the boundary. Identifying the distance with complexity sets v = ds/du = 2πN/β.
To determine R, we consider two particle trajectories with speed v emanating from the same point, but headed in slightly different angular directions. It is easy to see that the distance between them grows like
Since the Lypapunov exponent λ = v/R = 1, this sets R = N . In addition to these physical parameters, there is an unphysical parameter, the mass of the fictitious particle. The choice of mass is entirely conventional since changing it just amounts to multiplying the action by a constant, which does nothing in classical physics. We will choose a convention where the kinetic energy scales with the system size E = 1 2 M v 2 ∝ N/β 2 , or M = 1/(N J), where J is some arbitrary constant with units of inverse length, chosen so that energy has the correct dimensions. With these conventions, the action is
The particle has a conserved charge J = sinh 2 ρθ. We can use this conserved charge to dimensionally reduce the θ coordinate:
In approximating the sinh as exponential, we are assuming that complexity is never small. This will be appropriate for low energy states. We end up with a particle in an exponential potential.
The particle comes in from infinity, rolls up the potential, and then turns around at some ρ 0 . This exponential potential is of course nothing but the angular momentum barrier which ensures that geodesics are circles intersecting the boundary of the disk at right angles. Since the asymptotic velocity (or equivalently the kinetic energy) of the particle is fixed, the parameter that controls the distance to closest approach ρ 0 is simply J.
Figure 1:
A particle on the hyperbolic disk. We indicate the centrifugal force (which is always repulsive).
The effective action however tells us a bit more than just the geodesic solutions. In particular, we can consider what happens when we kick the particle. At the time of the kick, the angular momentum is increased slightly. In our conventions, J is of order 1, so a singe-gate perturbation should should correspond to a shift in the angular momentum of order 1/N . However, due to the butterfly effect, the distance between the counterfactual trajectory of the unperturbed particle and the perturbed particle grows exponentially, see Figure 5 . We will have more to say about this in section 3.4.
Effective action on positively curved space
The model discussed in the previous section is suitable for maximally chaotic quantum systems. Indeed, we used the Lyapunov exponent to calibrate the negative curvature of the model. We now consider what complexity geometry looks like in the opposite regime, for systems that are non-chaotic and integrable (at least in some approximation). The main application we have in mind are systems like the harmonic oscillator, where a large class of states return to themselves after some period of time T ∼ O(1), which is much shorter than the quantum recurrence time ∼ e e N we would have expected in the chaotic case. We argue that the main qualitative feature of the complexity geometry is positive curvature. Positive curvature means that geodesics tend to converge instead of diverge. This is necessary in order for states to recur on a small timescale. Just to be more concrete, we can consider the simplest example of a positively curved space, the 2-sphere:
(2.5)
If we take the origin to be the North pole θ = 0, then the distance to the origin is just θ. We can describe the dynamics of θ by an effective potential
The main point is that in a curved space, the effective potential becomes stable as opposed to repulsive. The stable point corresponds to a particle wrapping the equator of the sphere. The time it takes the particle to wrap around the circle is the period T that it takes for a state to return to itself. In section 3.2, we will consider the coupled SYK system [19] which is dual to global AdS 2 . Since global AdS 2 has no horizon, the system is not chaotic. In this model, there are a class of low energy states where the complexity is constant. From the complexity geometry point of view, these are like states which are rolling around the equator of the sphere. Perturbing such states leads to oscillations in the complexity, which also matches bulk expectations.
Effective dynamics of bulk distance
In this section, we discuss the effective dynamics of the distance (conjectured to be dual to complexity). We consider a smorgasbord of two-sided and one-sided setups; the upshot is that in each situation there is a close and sometimes exact match between the effective actions derived from JT gravity, and the ones derived from TCG.
2-sided case
We will be interested in Lorentzian JT gravity + matter in the Schwarzian limit. In this limit, the effective dynamics is governed by time reparameterizations on the left and right boundaries T l (u) and T r (u). Here u means evolution by H l + H r . We will be further interested in left-right symmetric configurations, in a gauge where T l = T r = T (u). As discussed in the Appendices, we can introduce a variable −2ϕ, which is a regulated geodesic length between the two sides:
Furthermore, as discussed in the Appendix, the 2-sided Schwarzian action gives a very simple non-relativistic effective action for this length variable:
Here and below, we use the dimensionless boundary timeũ = uJ /α S ; equivalently we measure time in units where the coupling J /α s is set to 1. All bulk lengths will be measured in AdS units. Primes denote derivatives with respect toũ. E is the global energy of bulk matter. We can interpret e ϕ = T (ũ) as a conversion factor between the global energy ∂ T and the boundary energy ∂ u . For the thermofield at any temperature and time β + iu the matter energy vanishes E = 0. More generally, we can start with the TFD, evolve forward and/or backwards in time, and apply symmetric kicks to the boundary. The entire effect of these shockwaves on the distance variable ϕ is accounted for by changing the value of E each time a shockwave is inserted. Both ϕ and ϕ are continuous across the shock. It might seem strange that the effective potential of the boundary particle changes when matter is inserted. This can be explained in the 4D Near-Extremal black hole picture [20] . As a particle falls down the long throat, it experiences an effective S-wave potential. The top of the potential is defined to be the JT boundary. If the potential pushes on a matter particle, it must also lead to a backreaction on the boundary. The force on the particle due to the potential decays exponentially with proper distance, which means that there is also an exponentially decaying force on the boundary, in agreement with our analysis.
In order to match with the effective action (2.4), we should identify
We could also choose J to match the numerical values of the action, but as we emphasized before, there is no physical content. We have so far discussed the effective action for the distance variable ϕ. We could alternatively work in the Hamiltonian formalism of JT gravity, see [21] . The resulting Hamiltonian 2 is of the form H = J /N α s P 2 + 4e − , which is consistent with our action. Note that the numerical coefficient in front of the exponential potential depends on how we regulate the length. One interesting feature of this action is that the distance of closest approach (which occurs at u = 0) is of order ∼ 2 log βJ . This minimum distance should be interpreted as the complexity of formation. Since the Euclidean preparation of the state uses a strip of length ∼ β (and not log β), we view this formula as evidence that the microscopic definition of complexity must distinguish between Euclidean and Lorentzian (unitary) evolution.
2-sided coupled Hamiltonian
Now following [19] , we consider the effect of coupling the two sides by turning on an interaction ∝ ηO l O r , where O l and O r some fields of dimension ∆, evaluated on the boundary of NAdS 2 . In the SYK model, the interaction could be generated by i ψ i L ψ i R . For small enough η, we can analyze the resulting dynamics directly in the Schwarzian limit. The interaction adds a term in the effective potential
The form of this interaction is intuitive since correlations between left and right fields decay exponentially with distance as e 2∆ϕ . We would like to ask what happens if one starts in the ground state of the coupled Hamiltonian and then adds a relatively small amount of matter. If we apply a symmetric kick on both sides, this means we start with E = 0 for early times and then suddenly shift the potential V → V + E 0 N e φ . at some time u kick . For small E 0 /N the main effect is that the minimum of the potential is shifted slightly. This means the breathing mode of the eternal wormhole will be somewhat excited. If we kick the boundaries asymmetrically, for example by dropping a particle in from only one side, the analysis is only slightly more complicated, see Appendix A for details. The upshot is that to leading order in 1/N we may pretend the kick was symmetric and use the shifted potential to calculate the distance as a function of u.
1-sided black holes
We may also consider a single SYK system in a pure state. For certain choices of pure states in SYK, one can argue [22] that the gravitational dual is a single-sided black holes with an end-of-the-world (EoW) brane behind the horizon. For these states, a natural definition of distance EoW is the maximum distance from the end of the world to the Schwarzian boundary. This is given simply in Poincare coordinates:
So up to additive constants that we have dropped, φ ≡ log t P = − EoW . Here we have assumed that the end-of-the-world brane is at very large z/ AdS 1, and that the Schwarzian boundary is at small z ∝ t P (ũ). We get
We have used that the brane carries an amount of Poincare energy E brane P = N , so the E P that appears in this formula is the Poincare charge of additional matter that could be added. Unlike in the 2-sided case, where there is a mismatch by a factor of 2, here a matter perturbation really is just shifting the angular momentum.
Note that we could also evolve by an alternative state-dependent Hamiltonian [22] similar to the coupled 2-sided Hamiltonian. Then we would stabilize the effective potential. Just as the coupled 2-sided Hamiltonian can be thought of as the symmetry generator of global energy, we can think of the 1-sided coupled Hamiltonian as an approximate Poincare symmetry generator. Figure 5 : Summary of our quantitative match. We consider the length of the a 1-sided black hole (with an end of the world brane), potentially with a kick dictated by SL(2) charge conservation. This matches the complexity as calculated in the toy model. The change in trajectory is due to the additional angular momentum when a perturbation to the particle is applied. The length of the dashed red lines in both figures are to be identified.
The switchback effect
We have already discussed adding matter shockwaves in the various gravity setups, or kicking the particle in TCG. Exciting matter fields in the bulk is analogous to changing the angular momentum. Both change the effective potential after the perturbation is applied. The analogy is most clear in the 1-sided case, where comparing the actions (3.12) with (2.4), we see that adding Poincare charge is mathematically the same as adding angular momentum in TCG.
Here we will emphasize that the shift in the effective potential due to a small perturbation (from either point of view) is what governs the switchback effect. This is not surprising but we found the calculation (using the effective potential formalism) to be instructive. Furthermore, there is a subtlety in both the Schwarzian analysis and in TCG: the magnitude of the matter charge E P , or the change in J 2 , depends on when the kick is applied. In the Schwarzian langauge, this is because a kick (in the SYK model, adding an instanteous source which for a small number of fermions) changes the physical energy by a constant amount. However, the physical energy is related to the Poincare energy E P by the conversion factor of df /du = e φ . This means that E P ∼ exp (−φ(u kick )). Of course, after the kick, E P is conserved.
Similarly, the change in the angular momentum of the TCG particle depends on when the kick is applied. Indeed, in [18] , the rule was that the kick is in the direction perpendicular to the velocity of the particle. This implies that the torque on the particle (measured with respect to the origin) will depend on the position and momentum of the particle. Here we will choose a slightly different (but qualitatively similar) rule: the perturbation is always an angular kick, with a magnitude chosen so that the energy of the TCG particle changes by a tiny fixed amount.
We would like to emphasize that the match is enough to reproduce the switchback effect. The switchback effect occurs when we go back in time, apply a kick, and then come back to the present. We then compare the resulting trajectory of the Schwarzian boundary/TCG particle with the counterfactual trajectory where no kick was applied.
We also consider the same effect in the two-sided case, see Appendix C. For the twosided case, inserting matter is not precisely the same as adjusting the angular momentum. For the former, the potential shifts by ∼ e φ whereas in the latter, we would get a shift by ∼ e 2φ .
The equations of motion for this particle isρ = 4J 2 e −2ρ . The solution is
We match the two solutions at u = u kick . We parameterize the kick in terms of the change in energy of the TCG particle:
The asymptotic speed v is set by v 2 = (π/β) 2 + 2 . Evaluating the solution at u = 0 and expanding to first order in gives
Of course, the same calculation also applies in JT gravity. Translating variables and units, we can work out the effect of a perturbation (as measured by the SYK Hamiltonian, perturbing a fermion adds energy δH SYK = 2∆J ):
Finally, well before the scrambling time, it is natural to assume that the complexity of this pure state is well-approximated by thermal size. We can calculate the thermal size either directly in the large-q SYK [7] , or using the bulk dual/Schwarzian description [8] , which is in some linear approximation is basically the 2-sided length. Copying equation (6.111) [8] in our notation:
This is consistent with the relation i ψ i L ψ i R ∼ N e ∆φ . We view the agreement between these formulas obtained from ∼ 3.5 different perspectives as a somewhat nontrivial consistency check between existing ideas about complexity, size, and bulk gravity.
Beyond low temperature: large q SYK
Here we comment on the SYK model in the limit where q → ∞, N → ∞, and q 2 /N → 0, but at finite temperature βJ ∼ O(1). In this limit, we need to go beyond the Schwarzian approximation and use the master field variables (see, e.g., [19] ) which at large-q are g LL (u 1 , u 2 ) and g LR (u 1 , u 2 ). Focusing on the left-right correlator,
Assuming that g LR (u 1 , u 2 ) = g LR (u 1 − u 2 ) on shell, the large-q equations of motion give [11] :
19)
Given that the precise bulk dual of SYK is not known at finite temperature, we do not have a precise expression for the distance between the two sides. Nevertheless, it is reasonable to think that correlation functions decay exponentially with distance G 0 LR e −∆d LR = G LR . This suggests that we can match d = −g LR + const in the semi-classical limit. With such an identification, we see that even at finite temperatures, the distance behaves like a nonrelativistic particle in an exponential potential. Similarly, if we couple the two sides, the potential is modified in the same manner as in the Schwarzian limit.
Tomperature versus temperature. For a generic q-local chaotic quantum system, we expect the complexity to obey dC/du = T S.
(3.20)
For an infinite dimensional quantum system like a quantum field theory, it is natural to identify the tomperature T with the temperature T . This however cannot be correct if we are dealing with a system with a finite dimensional Hilbert space like in SYK. In particular, even as T → ∞, the growth of the state complexity cannot be faster than the growth of the complexity of the unitary that implements time evolution, which stays finite. For times that are not exponentially long, we expect that simple 2-pt functions should behave like G LR ∼ exp (∆C/S), where ∆ is the dimension of the operator. (For a single SYK fermion, ∆ = 1/q). Hence we define the tomperature
In the large-q model, this is exactly the T = λ L /(2π). This reduces to T ≈ T at low temperature. Note here that λ L is the chaos exponent defined by the 4-pt function, whereas the tomperature is defined by the 2-pt function. This raises the interesting question of whether the large-q SYK model could still be (in some unorthodox sense) maximally chaotic at finite temperatures.
Discussion
We end with some speculative remarks and open questions.
1. The applicability of these ideas in global AdS 2 suggests that size and complexity are intimately related to the emergence of gravity, even in situations where there are no black hole horizons. This seems to be an advantage over Erik Verlinde's ideas [23] .
2. We have focused on the complexity = volume conjecture. One can wonder about the complexity = action conjecture. The results of [24, 25] show that one needs to go beyond JT gravity (e.g., know something about its higher dimensional origins) in order to get a reasonable Wheeler-de-Witt action in two dimensions. On the other hand, the effective dynamics of volume (which in two dimensions is just distance) exists entirely within the Schwarzian approximation. On effective field theory grounds, the Schwarzian should arise whenever there is an emergent near-conformal symmetry [14] . So the dynamics of volume discussed here is in some sense universal, whereas the dynamics of Wheeler-de-Witt action could be quite model-specific.
3. What does this teach us about complexity? If we take complexity = volume seriously, then for systems dual to NAdS 2 gravity, complexity must have a much simpler effective description at large N and low temperatures. Such an extraodinary simplification is remarkable, given that Nielsen-like approaches to complexity geometry feature a highly anisotropic metric. Attempts to analyze the geometry are not easy at small N [26] , and seem to get harder (not easier) at larger N . Clearly we are not understanding the best way to define or analyze complexity.
4. On a related note, we are matching complexity geometry to JT gravity calculations. But the dual of JT gravity is really a disorder average of an ensemble of quantum mechanical systems [27] . One might wonder what the proper role of the disorder average is in a good definition of complexity geometry. Perhaps complexity is simpler to define or calculate when we consider an ensemble of Hamiltonians. An example of a toy model of complexity where a disorder average leads to significant simplification is [28] .
5. Lastly, note that the dynamics of length in JT gravity at low temperatures only depend on the matter via the SL(2) charges. This is a form of the equivalence principle. Since the length is related to size and complexity, this implies that both of these quantities also satisfy the equivalence principle. For example, the size of an operator in SYK should not depend on which fermion ψ i we are considering; more generally the size of composite operators like ψ i ∂ n ψ i should only depend on the dimensions of these operators. It would be interesting to understand the microscopic origin of the equivalence principle, which again points to a somewhat surprising simplicity of these fine-grained quantities.
In the last equality, we have subtracted off a divergent term. Now suppose we can find a gauge where T L (ũ) = T R (ũ) for allũ. For these states, define T (ũ) = e ϕ . This new variable ϕ is essentially the geodesic length
We will now derive a very simple effective action for ϕ. We start with the Schwarzian action in the 2-sided case. In the SYK model, the coefficient of the Schwarzian action is N α s /J , where α s 1/(4q 2 ) in the large-q limit; we have defined the rescaled timeũ to absorb the factors of J α s .
Dropping the total derivative and adding a Lagrange multiplier to enforce T (ũ) = e ϕ ,
(A.25)
The equations of motion for T set λ = 0. To determine the constant value of λ, we need to remember the gauge constraint. Since an overall translation T → T + c to both the boundary and matter is a gauge symmetry, we need to set the corresponding generator to zero 3 . The Noether procedure then gives
where E is the matter global energy charge. This gives
This derivation is easily generalized to the other cases we consider in the paper. The key point we would like to emphasize is that the value of the Lagrange multiplier is the SL(2) matter charge that corresponds to the time variable we are using. So for example, if we use Poincare time f as in section 3.3, the value of the Lagrange multiplier λ(f − e φ ) will be determined by the SL(2) charge associated to the Poincare symmetry f → f + c.
B Momentum and length in the eternal traversable wormhole
In this appendix, we explore how the length and momenta change when we drop in a single fermion.
Note that the definitions of charges Q are dimensionless, to make them dimensionful we use a factor of β. This implies that dropping in a fermion changes the boundary energy δ H R ∼ J . We start in the ground state where T L = T R = T ũ, and then consider a small fluctuation in the boundary positions. It is convenient to decompose into symmetric and anti-symmetric parts:
(B.29) SL(2) charge conservation gives us
(1 − cos(ωT )) .
(B.30)
Note that B and E go from 0 to some finite value at t = 0. We should enforce continuity of χ, ψ and their first derivatives in order that the boundary is continuous when matter is inserted. Then integrating the first equation over an infinitesimal time interval near t = 0 gives us continuity of χ (3) . Then the length between the two sides
So to leading order in 1/N , we find the distance
Note that we could have guessed an expression of this form by naively ignoring the P, B charges and using the effective action given by 3.10. It might seem rather peculiar that the oscillations are at a frequency ω which is determined by the breathing mode and not the AdS frequency, especially since there is a close connection between length and momentum [8] . However the momentum is given by
So there is no contradiction as long as we remember the relative signs. Note that in the usual coupled wormhole, the breathing mode and the AdS frequency are of the same order of magnitude, but in a slightly more complicated model, they can be different [8] .
C Effective dynamics for the boost H L − H R
Here we will consider the effective dynamics of the length under evolution by a boost H L − H R . If the state we are interested in is exactly the TFD, the length of course does not evolve since (H L − H R ) |TFD = 0. However, even a tiny perturbation to the TFD will cause the length to start growing. This is just another aspect of the butterfly effect.
Here we will see that this aspect of chaos is just the instability of an inverted harmonic oscillator.
To work out the effective action of H L −H R , it is convenient to go to Rindler coordinates:
We will be using the convention that τ runs up on the left and down on the right. With this convention, we will consider trajectories where τ L (ũ) = τ R (ũ) = τ (ũ), whereũ now means evolution with respect to H L − H R . It is convenient to define τ = e ρ , where ρ is up to a constant shift equivalent to the Rindler radius ρ R that appears in (C.34). The Schwarzian action then becomes
The minus sign comes from fact that we are evolving by H L − H R . For the TFD, we get B = 4π/β. A solution of this effective action is simply τ = 2π/β.
Notice that the effective potential has a maximum instead of a minimum -this instability may be viewed as the origin of chaos! If we can start with the TFD and add a small amount of matter (which changes B) the particle will not be exactly at the top of the hill. Its length will start to quadratically grow at first, and then transition to an exponential until the scrambling time.
We can think of this as giving an effective action for the distance from the boundary to the point ρ = 0. The point ρ = 0 can be defined in a gauge-invariant way by saying that it is the point that would be the bifurcate horizon if no matter was added. This is a rather awkward counterfactual and teleological notion; the only advantage of such a definition is that it also makes sense in a 1-sided context. When there are 2 sides, it is much simpler to think of this as an effective action for the distance between the two sides, but with time evolution defined by H L − H R instead of H L + H R .
As an application of this formalism, we derive the Qi-Streicher formula. First, we note that P ∼ dS/du ∼ dL/du. So up to a constant, we can calculate the size by calculating the geodesic length. Furthermore, if we are interested in times before the scrambling time, we may linearize Here we have ignored the 1/N change to the energy that results when we add a particle. This is essentially the same formula that we found in 3.16; from this point of view, chaos is just a manifestation of a particle rolling near the top of a potential well.
D Another toy model
Here is an example of a complexity metric which could match the asymptotic properties of the 2-sided Schwarzian action ds 2 = dr 2 + sinh 2 r l dθ 2 + cosh 2 r 2l dφ 2 .
(D.38)
This can be viewed as the Poincare disk with a compact extra dimension that grows exponentially with radius. At large radius, we get a particle in an effective potential V ∼ J 2 θ e −2r/l + e −r/l J φ (D.39)
This space is negatively curved R l 2 = − 7 2 + 1 1 + cosh(r/l) (D.40)
We see that the curvature in units of 1/l 2 varies from −7/2 near r = 0 to −3 as r → ∞. Unlike the hyperbolic plane, this space is not homogeneous. Note that if TCG arises as a 2-dimensional surface embedded in the full complexity geometry according to the rules proposed in [17] , there is no particular reason why it should be homogeneous. Another example of a geometry with exponential potentials is a Euclidean version of de Sitter space ds 2 = dt 2 + sinh 2 t dθ 2 + cosh 2 t dφ 2 .
(D.41)
The effective potential in this geometry has two charges that are separately conserved L θ and L φ . Unlike (D.38), this geometry is homogeneous. We are engaging in what might be called "complexity phenomenology," e.g., we are trying to make reasonable models of complexity geometry that are consistent with some principles and fit certain "data." A derivation of such geometries starting from a principled definition of complexity would obviously be more satisfactory.
